The simplest effective-medium model of fractured rocks known as the Linear Slip (LS) model of Schoenberg (1980) represents a single fracture set in an isotropic background rock. In the LS model, the stiffness C 13 is not independent as in the overall transversely isotropic (TI) model, but it is related to other stiffnesses by the equation, C 11 C 33 -C 2 13 = 2C 66 (C33+C13). We have studied a physical sense of this constraint on the C 13 and found out that in terms of the TI elastic compliance tensor S it leads to the equality 12 = 13 , where 13 and 12 are the two different horizontal Poisson's ratios. In contrast to the Linear Slip model, in the overall TI model, one of these Poisson's ratios, 13 , is always greater than the other one, 12 , that is validated by numerous static and dynamic laboratory measurements of these Poisson's ratios in VTI-type rocks. Thus we have revealed a contradiction and inconsistency in the constraint on the C 13 for the LS model. Moreover, the restriction on C 13 for the LS model doesn't work for the overall TI medium in which there are physical constraints on the C 13 , namely, C 13_min < C 13 < C 13_max (e.g., Yan et al., 2013) . We have revealed that mathematical expression for its lower bound, C 13_min , coincides with that for the constraint on the C 13 for the LS model. This means that the restriction on C 13 for the LS model, C 13 = C 13_min , does not satisfy the physical constraint for the overall TI model that is inequality C 13 > C 13_min . The LS model is not a universal model for real rocks. It may work successfully only in several special cases, or under certain conditions, for example, when the normal fracture weakness Δ N =0 (fluid-saturated cracks), or in the case of Δ N = Δ T (dry cracks). Also we have revealed that the LS model may suit better for sandstones and carbonates than for shales.
Introduction
Publications of Hudson (1980) and Schoenberg (1980 Schoenberg ( , 1983 marked the beginning of investigations of effectivemedium anisotropic models of rocks with aligned cracks and fractures. In succeeding years many works have developed the effective models of fractured media (Schoenberg & Douma, 1988; Hsu & Schoenberg, 1993; Schoenberg & Sayers, 1995; Hudson, 1981 , Hudson et al., 1996 Thomsen, 1995) . An excellent review on effective models of fractured rocks is given in a series of papers by Bakulin et al. (2000abc) dedicated to the models of fractured media of different symmetry i.e. transversely isotropic, orthorhombic and monoclinic. However, in spite of the great body of publications on effective models of fractured rocks, we have not yet found among them those, in which the constraint on the elastic modulus C 13 was examined. The problem often arises when experimental results occur in contradiction with theoretical predictions in frames of the LS model. Our goal is to resolve this problem by investigating the physical constraints and bounds.
Theoretical background
There are numbers of effective-medium anisotropic models of fractured rocks, which are based on the representation of elastic properties using the Hooke's law in the form of proportionality between strains ε and stresses , σ , = Sσ ε with the compliance tensor S equal to the sum of the compliance tensors S 0 for the background rock and S  for the fractures (e.g., Schoenberg & Sayers, 1995; Sayers & Kachanov, 1995) :
(1) Since we intend to examine principle constraints of the effective medium models, identified by the equation (1) we chose the Linear Slip model (Schoenberg, 1980 (Schoenberg, , 1983 as the simplest one for the following consideration. In the Linear Slip (LS) model, there is a single set of rotationally invariant parallel fractures embedded in the isotropic background rock. For the LS model of the VTI symmetry, i.e., transversely isotropic with the vertical symmetry axis x 3 , the compliance matrix, S LS , can be written as follows (e.g., Bakulin et al., 2000a; Sayers, 2013 
where ν is the Poisson's ratio, E is the Young's modulus in the isotropic background; μ is the shear modulus μ =E/ [2(1+ν)]. The Z N and Z T are the fracture compliances (Z N is the normal one and Z T is the tangential one). Thus the LS model is identified by the four independent parameters: ν, E, Z N , and Z T . Note that the non-diagonal components are equal to each other: Podio et al., 1968; Banik & Egan, 2012; Chenevert & Gatlin, 1965 
where S 31 = -ν 13 /E 1 , and S 21 = -ν 12 /E 1 .
(6) The VTI model unlike the LS model is totally identified by five independent parameters: two Young's moduli and three Poisson's ratios. Whilst in the LS model there are only four independent parameters due to its specific constraint condition -equation (3) (e.g., Hsu & Schoenberg, 1993) :
as well as symmetric matrix components, S 13 = S 12 . This constraint can be rewritten in terms of Poisson's ratios as ν 13 = ν 12 .
Constraint on the Poisson's ratios in the LS model
Consider the physical meaning of the constraint for the Linear Slip (LS) model, S 31 =S 21 (equation (7). The physical meaning is explained by two horizontal Poisson's ratios, ν 13 and ν 12 . In the matrix S VTI (equation (4) there are three
Poisson's ratios: the vertical one, νV, and two horizontal, νHH and νHV (here we preserve the notation of Yan et al., 2013) . The vertical Poisson's ratio is: νV ≡ ν31. The two horizontal Poisson's ratios are identified as 1) "The horizontal-vertical Poisson's ratio νHV": νHV ≡ ν13 is related to the vertical deformation ε r  ( shown in Figures 1 and 2). The ν13 is defined as:
where ε a , is the axial compressive deformation due to the axial compressive stress σ. Due to the axial loading, the plug shrinks in axial direction. At the same time, it expands in the crosscut section (in all the radial directions).
2) "The horizontal-horizontal Poisson's ratio νHH": νHH ≡ ν12 = ν21 is related to the horizontal deformation ε r || that is 12 = ε r || / ε a .
(10)
For our purpose, it is sufficed to consider only these two horizontal Poisson's ratios: 12 and 13 because they are included in the constraint for the compliances (eqs. (5)- (7)). Poisson's ratios (eqs. (9)- (10)). The uniaxial loading is applied along the axis x1 which is normal to the section x2x3 of the plug. Figure 1 shows the schematic deformation of a horizontal cylindrical plug of VTI-rock (θ=90°). It is evident that the radial deformation ε r  along x 3 is larger than the ε r|| along
ε r  > ε r || .
(11) It follows from eqs. (9)- (11), that the Poisson's ratio 13 is always greater than the 12 in overall VTI media:
and therefore, |S 31 | > |S 21 |, (13) because of E 1 > 0, and 13 > 12 >0 (Yan et al., 2013 ).
In the deformation pattern shown in Figure 2A , there is the largest ellipse axis along the x 3 -direction, because the TIrock sample is more compliant in the direction of its polar symmetry axis x 3 (and therefore the deformation is greater), than in the direction x 2 , which is in the bedding plane (x 1 x 2 ). Contrary to the TI model, in the case of the LS model, the deformation pattern remains the same as a circle (shown in Fig. 2B ), that is following the requirement of equality, ν13 = ν12, which is the LS-model deformation (equation (8). The latter contradicts to the physical meaning of the Poisson's ratios in the overall TI media. Besides that it is not consistent with the results of the laboratory measurements of static and dynamic Poisson's ratios (shown in Figure 3 ). Yan et al. (2013) validated empirically the relation 13 > 12 (eq. (12) in TI rocks. Figure 3(A) shows their analysis of various published data of laboratory static mechanical measurements of Poisson's ratios ν 12 and ν 13 in dry unsaturated samples of VTI-type layered rocks and layered materials such as graphite (Chenevert & Gatlin, 1965; Blakslee et al., 1970; Colak, 1998; Gercek, 2007; RuizPena, 1998; Gross et al., 2011; Sone & Zoback, 2013) . (Yan et al., 2013) ; (B) is dynamic Poisson's ratios 12 versus 13 estimated from ultrasonic velocity measurements in unsaturated shale samples (the data source from Thomsen, 1986; Johnston and Christensen, 1995) . Dashed line marks the LS-model condition, 12 = 13 (equation (8), by analogy to the constraint on the C13 for the LSmodel).
Analysis of Constraints and Limitations in Linear Slip model
This relation, 13 > 12 , eq. (12), was also validated by laboratory dynamic measurements (from ultrasonic velocities, shown by Yang et al. (2013) in their Figure 4 , in where 67% of the total amount of points proves the relation of Poisson's ratios. Their data source are from Thomsen, 1986; Johnston and Christensen, 1995; Vernik and Liu, 1997; Jakobsen and Johansen, 2000; Wang, 2002; and Sone & Zoback, 2013 . Figure 3(B) shows the same relation between the Poisson's ratios, 12 < 13 , which is also confirmed by our analysis of the data of laboratory ultrasonic velocities measured in unsaturated shales (the data source are from Thomsen, 1986; Johnston and Christensen, 1995) .
Constraint on C 13 for the Linear Slip model
Using equation (2) and inverting the compliance matrix S LS one can yield the stiffness matrix C LS of the LS model (e.g., Hsu & Schoenberg, 1993) : 
Then, using equation (8) 
After reduction of the denominators in both sides it turns to the required constraint on the C 13 in the LS model:
), ( 2 13 33 66 2 13 33 11
which is the well-known formula of Hsu & Schoenberg (1993) 
The Linear Slip model can be identified by four independent parameters, these are two parameters for the isotropic background (λ and μ) and two for the fracture set (Δ N and Δ T ). The fractures are characterized by two weaknesses: the normal one Δ N and the tangential Δ T , which are expressed by the compliances Z N and Z T as
(e.g., Hsu & Schoenberg, 1993; Bakulin et al., 2000a) .
There are four independent components in the stiffness tensor C LS for the LS model; these are: C 11 , C 33 , C 44 , and C 66 :
Given these components the C 13 can be obtained from eq. (19); it yields C 13 = λ(1-Δ N ).
(22) In frames of the LS model given only four independent matrix components С 11 , С 33 , С 44 , and С 66 permits to compute the phase velocities V P (θ), V SV (θ) and V SH (θ) shown in Figure 4 (marked as "Linear Slip") where θ is the wave-incidence angle measured relatively the symmetry axis (x 3 ) of VTI medium shown in Figure 1(B) . We use the data of the velocities' measurements at 0° and 90° in core samples of Haynesville-1 shale at the pressure P = 90 MPa (the data of Sone & Zoback, 2013) . The data
Analysis of Constraints and Limitations in Linear Slip model
on C 13 was unavailable, and so we calculated the upper and the lower bounds of C 13 from the following equations of Yan et al. (2013) 
All allowable values of the functions V P (θ) and V SV (θ) are shown inside of the crosshatched regions in Figure 4 . The bounds of these regions correspond to the upper and the lower limits of physically admissible values of the С 13 (eqs. (23)- (25)).
We have found out that the lower bound C 13_min in the overall VTI model (equation (25) coincides with the constraint on C 13 LS identified by equation (19). It is very important fact because it means that the C 13 LS has a certain physical sense, which is the lower bound of all physically admissible values of the С 13 in the overall TI model. However in accordance with the inequality C 13_ min < C 13 (equation (23) this certain constraint on the C 13 does not allow the elastic modulus C 13 to be equal to the C 13 LS but it must be always greater than C 13 LS .
This statement was also confirmed in terms of the compliance tensor S by means of static and dynamic measurements of the Poisson´s ratios in rock samples shown by Figure 3 . Thus we have found out the contradiction and inconsistency between the LS-model constraint condition on the C 13 and the bounds on C 13 in the overall TI model.
Special cases for which the Linear Slip model works well
We found out that there are two special cases in which the constraint on C 13 for the LS model (eq. (18) A) The case of Δ N =0. This case corresponds to fluidsaturated cracks (e.g., Bakulin et al., 2000a) . One can easily check the fulfillment of the constraint on C 13 by substituting Δ N = 0 in the expressions for C ij , eqs. (21)- (22), and then by subsequent substituting them in eq. (18) . B) The case Δ N = Δ T . The ratio Δ N /Δ T is sensitive to fluid saturation. For fluid-filled cracks, Δ N /Δ T =0, because of the normal weakness Δ N going to zero. The ratio Δ N /Δ T = 1 may be related to unsaturated (dry) rocks. For unsaturated rocks, Schoenberg and Sayers (1995) note from experiments that the ratio Z N /Z T is close to 1. The considered ratio of the weaknesses Δ N /Δ T =1 can be related to that of the compliances Z N / Z T =1 using eq. (20) in the limit of small weaknesses (Δ N <<1, Δ T <<1), that yields Z N /Z T ≈ g Δ N /Δ T , where g≡µ/(λ+2µ) (Bakulin et al., 2000a) .
It is of special interest that in the case of Δ N = Δ T , the anisotropy parameter δ of Thomsen (1986) turns to 0, because of δ=2g(Δ N -Δ T )/(1-Δ N )=0 (Schoenberg and Douma, 1988) . Given δ=0, the C 13 can be expressed simply as C 13 = C 33 -2C 44 from the definition of δ (Thomsen, 1986) . It follows from this expression and the eqs. (21)- (22) that the constraint on C 13 for the LS model eq. (18) is satisfied automatically in the case of Δ N = Δ T .
We conducted a statistical analysis for C 13 in different rocks. We used the C 13 of shales, sandstones and carbonates from the data source of Thomsen (1986) , Johnston & Christensen (1995), and Wang (2002) . We compared the coincidence of the C 13 measured in real rocks with that of theoretically predicted C 13 LS (which we calculated by using Eq. (19)). We conclude that the LS model is much more suitable for sandstones and carbonates than for shales. This can be explained on the basis of equation Z N /Z T ≈ 1-ν/2 which is developed by Schoenberg and Sayers (1995) for the case of unsaturated (dry) rocks which is related to the "case B" mentioned above. The fact is that the Poisson's ratio for shale rocks is larger than that of for sandstones (or carbonates). At low value of Poisson's ratio (as in sandstones and carbonates) the ratio Z N /Z T goes to one: Z N /Z T 1. So by this manner we can explain the better results for sandstones and carbonates than those for shales in our validation testing of the LS model.
Conclusions
1.We conclude that the constraint on C 13 for the Linear Slip model can be written in terms of Poisson's ratios as 13= = 12 . By the analysis of these Poisson´s ratios, we demonstrate that this constraint for the LS model cannot be validated by the majority of the measurements in VTI-type rock samples. Moreover this constraint is contradictory to the physical sense of Poisson's ratios in TI medium.
In the overall TI medium, this constraint turns into the S 13 ≠ S 12 , or more specifically, it appears to be |S 31 |>|S 21 |, that corresponds to the actual relation between the Poisson´s ratios, that is 13 > 12 .
2. We make it apparent that the C 13 -value must fall in the interval C 13_min < C 13 < C 13_max , eqs. (23) (24) (25) , that is on the contrary to the known constraint on C 13 in the LS model, following which С 13 = C 13_min . Also we conclude that C 13_min ≡ С 13 LS where С 13 LS is given by eq. (19), which actually represents the constraint on C 13 for the Linear Slip model. 3. The LS model is not a universal model for real rocks. It may work successfully only in several special cases, for example when Δ N =0 (fluid-saturated cracks) or in the case of Δ N = Δ T (dry cracks) the latter is a specific case when the anisotropy parameter δ must turn to zero.
4. Also we found out that the LS model is much more suitable for sandstones and carbonates than for shales.
